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1. INTRODUCTION 
In the last six years [l], there have been many attempts at deriving necessary 
and sufficient conditions for a tentative second order generalized density 
operator (gdo) to be N-fermion representable, i.e., actually derivable from an 
N-fermion (antisymmetric) wave function. Some authors [2] have even 
conjectured that this problem could not be solved in an analytic fashion. 
We shall give in this paper, and in the following one, an elementary 
constructive solution to this problem similar to that given in [3] for most 
cases of practical interest. 
In a later paper, we shall apply the results of these papers and derive the 
equations that the natural spin orbitals (nso), the second order eigenvalues 
and the natural expansion coefficients (nc) of the natural spin geminals (nsg) 
must satisfy for a given Hamiltonian of an N-fermion system. In this way, 
we shall have completed our program of eliminating the wave function in 
favor of the much simpler first and second order gdo’s for most fermion 
systems of practical interest. 
We shall first derive implicit necessary and sufficient conditions for 
iV-fermion representability by a method entirely similar to the one used in 
[3]. We shall then obtain explicit necessary conditions for N-fermion repre- 
sentability much stronger than those previously obtained by other authors, 
using repeatedly the Minkowski-Farkas lemma [4]. These necessary condi- 
tions are also the complete solution of the so-called “diagonal N-fermion 
representability” problem ([I, a,c]). In the next paper we shall then use these 
necessary conditions in deriving necessary and sufficient conditions for 
N-fermion representability for most cases of practical interest. 
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2. IMPLICIT NECESSARY AND SUFFICIENT CONDITIONS FOR 
N-FERMION REPRESENTABILITY 
Any N-fermion (antisymmetric) wave function @ has a natural expansion of 
the form: 
where (K, ,..., KN} is any ordered N-tuple constructed from the R (or co) 
available indices ki = (1,2, 3 ,,.., R or co) and 
-&j detigk,(xl) ‘** gkj.&%‘)~ 
is the usual, normalized Slater determinant constructed from the 
N nso{gkl ,..., glc,}. These nso necessarily form an orthonormal (o.n.) set in 
.%Q , the one-particle Hilbert space. Any N-fermion wave function also has 
the following kernel representation ([Sal, Theorem 7). 
where the sets of function {h(c)} and (fd} are necessarily o.n. sets in the 
2-particle and (N - 2)-particle Hilbert spaces, respectively. 
This kernel representation can also be written ([5b] Theorem 4) 
The various natural expansion coefficients and the eigenvalues appearing in 
these two representations (1) and (3) must satisfy the following constraints: 
clbK12= 1 
K 
(normalization of @) (4) 
Lob Lob 
C [$!I2 = ,& h$i = 1 (normalization of CD>’ (5) 
(d)=l 
’ It is well known that @i]2 = A$ (see e.g. [Sal) where (8) stands for any ordered 
pair 84 < d,(d, , d, = l,..., R or co). 
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ROrm 
c 
w An) 
ak,k,ak,k, = 
kl< kz=l 
(orthonormality of the nsg) v-9 
R0l.m 
c g!..kNg.kN = g, (orthonormality of the nscg)2 (7) 
ka%<kN 
Of these relations only (5) and (6) are explicit necessary conditions for 
N-fermion representability of a second order gdo. Eq. (7) is an explicit 
necessary condition for iV-fermion representability of the dual (N - 2)th 
oder gdo. 
Implicit necessary and sufficient conditions for N-fermion representability 
can be obtained by requiring that (1) and (3) represent the same antisymme- 
tric CD. This is done as follows: 
Multiplying (1) and (3) successively3 by 
and integrating out all coordinates, we obtain the system of equations: 
LOiM 
c 
(2) 63 -w 
w)aklk,CkS.e.kN 
M=l 
2 
N(N _ l)bW.k~ for every ordered N-tuple K = {k, ,..., kN) 
= (8) 
0 if {kikj} n (k, *** ki-lk,+, *a. kj-,kj+, *** kp,) # er. (9) 
Necessary and sufficient conditions for N-fermion representability are thus 
implicit in the system of equations (4-9). 
Any explicit formulation of these conditions can involve only the second 
order eigenvalues hi;\ (or &!) and the nc of the nsg, aLTk, , since as already 
noted in [3], the nso can be any o.n. set in S(i) . 
2 We denote the natural spin co-geminals ftn by nscg. 
3 All possible ordered pairs ki , k, are used in this way. 
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Any such explicit sets of conditions are just necessary and sufficient con- 
ditions for the system (4-9) to have a (nontrivial) solution in terms of the 
unknowns I$!.+ . 
3. EXPLICIT NECESSARY CONDITIONS 
In the remainder of this paper, we shall tacitly assume that N >/ 5. 
We can eliminate the cfces!..+ from the Eq. (8) as follows: Multiplying 
each side of every equality in (8) by its complex conjugate, we obtain 
LOIrn Lorm 
(2) (2) (8) -(?A -(G) (m) 
~(~)~(m)~k~kjakikjck~~..k~-,ki+l..~kj-lkj+~~..k~ck~...k~-~k~+~...k~-~kj+~~..k~ 
Summing over K, **a ki-lki+l a.. kj.-lkj+l *a. k, , we then obtain, using the 
0.n. relations (7): 
for every ordered pair (ki , kj). Similarly, eliminating the CZ$~ , we obtain 
Rtk)N-2 = Akl...ki-lki+l...kj-~kj+,...k~ 
for every ordered (N - 2)-tuple (k)N-2 . 
We should note that Eq. (12) cannot be obtained if p of the c&),-, are 
of the form 
In this case, Eq. (10) reduces to 
(13) 
(14) 
4 This equation is not new; see e.g. [la]. 
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where (8) and (K)N-2 E K and (12) is replaced by 
where the (‘) over the summation sign indicates that the summation in (12) 
extends over all ordered pairs (K) which are distinct from the P”(/)‘s for which 
(13) holds. 
Eqs. (ll), (12), or (14) are still implicit necessary conditions for N-fermion 
representability. They are particularly appropriate to obtain necessary 
conditions for N-fermion representability. 
The II Q) and the L&R);-~ are the so-called diagonal elements [I, a, c] of the 
second order gdo and of the dual (N - 2)th order gdo. 
Thus the conditions that will be obtained later (Theorems 1-3) are the 
necessary and sufficient conditions for the so-called diagonal N-fermion 
representability which has been considered in particular by Yoseloff and 
Kuhn [l, a, c; 51, E. R. Davidson, and others. 
. We first give a series of lemmas, all of which are explicit necessary condi- 
tions for N-fermion representability. 
LEMMA 1. The rank L of any N-fwmion representable second order gdo 
necessarily satisjes : 
NW - 1) <L < R(R - 1) 
2 2 (15) 
where R is the one rank. 
Proof. The upper bound is obvious. (It is just the dimension of the 
space Z~$.) The lower bound results from the observation that any single 
non-vanishing bK in (1) gives rise to a second order gdo of rank N(N - 1)/2 
and since (Iu) is a sum of positive terms, there can be no cancellations in 
adding more non-vanishing &‘s in (1). 
This lemma is a result of A. J. Coleman [2a] whose proof has never been 
published to our knowledge. 
LEMMA 2. The second order eaienvalues and the nc of the nsg and of the 
nscg of any N-fermion wave function necessarily satisfy : 
for every ordered pair (k) and 
0 =af~e)N-, < 2 N(N-1) 
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for every ordered (N - 2)-tuple (k)N--2 or 
JOY every ordered pair (8) such that (13) is satisfied. 
Proof. The inequalities (16), (17), and (18) are immediate consequences 
of the definitions (ll), (12) and (14) of the Au) , .&)N-, , and R(J) and the 
normalization condition (4) of the &‘s. 
This Lemma is the natural generalization for the second order gdo of 
Lemma 1 in [2]. 
LEMMA 3. The second order eigenvalaes and the nc of the nsg of any 
N-feTmion wave function necessarily satisfy : 
(19) 
and 
k<Ckj=k+l 
where S = 1,2 ,..., R or cg. 
Proof. (19) is just the particular case of (20) corresponding to S = 1. 
(20) can be proved as follows: 
The inequality (20) can thus be rewritten as: 
or using Eq, (4), we can still rewrite this as 
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or still as 
Ilb,12-i:] c 
K i=l K(kieK,7c,EK)fOrVd>i 
Ib”121- c IbK12k0, 
Kb+K) 
which is obviously a correct inequality. 
The proof of (21) is entirely similar and need not be given here. 
This lemma is the obvious generalization of the Weinhold-Wilson necessary 
conditions first published by E. R. Davidson [5]. 
LEMMA 4. If one of the Ack) of an N-jermion wave junction is equal to 
2/N(N - l), t d g zs e ree of degeneracy is necessarily given by T(Y - 1)/2 where 
Y = 2, 3 ,..., N. 
Proof. I f  r nso are common to all Slater determinants in the natural 
expansion (1) of the wave function @, then obviously [r(r - 1)/2] &j’s are 
equal to 2/N(N - I). This is easily seen as follows: 
If  Y nso are common to all Slater determinants of (l), then there are 
T(Y - 1)/2 pairs i <i (i,j = l,..., r) such that 
c lbK?=1 
K(i.jeK) 
i.e., using the definition of the A,,,‘s, it follows that Y(T - 1)/2 of the /Itk)‘s 
are equal to 2/N(N - 1). The converse is obvious. 
We shall make use of the following concepts. 
DEFINITION 1. The N-rank L, of an N-fermion wave function is the 
number of terms in its natural expansion (1). 
DEFINITION 2. The pseudo-rank T of a second order gdo is the number 
of its non-vanishing diagonal elements, i.e., of At,) # 0. 
DEFINITION 3. The J-number of an N-fermion wave function is the 
minimum number of ordered pairs (K) such that at least one of these (K)‘s 
appears in every ordered N-tuple K associated with a non-vanishing bK in the 
natural expansion (1) of @. 
DEFINITION 4. The Jr-number of an N-fermion wave function @ such 
that every Slater determinant in its natural expansion (1) contains r common 
nso gi (i = 1, 2,..., T), is the minimum number of ordered pairs (K) distinct 
from the r(r - 1)/2 common pairs (i,j) such that at least one of these (K)‘s 
appears in every ordered N-tuple K associated with a non-vanishing bK in 
the natural expansion (1) of @. 
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DEFINITION 5. The G,-number of an N-fermion wave function 05 such 
that every Slater determinant in its natural expansion (1) contains Y common 
nsog, (i = 1, 2,..., I), is the minimum number of ordered pairs (k) such that 
(1, L., r) r\ (k) = 4 and such that at least one of these (k)‘s appears in 
every ordered N-tuple K associated with a non-vanishing bK in the natural 
expansion (1) of @. 
We then have the following. 
LEMMA 5. The N-rank L, , the pseudo-two rank T, the J-number and the 
JT and G, numbers of an N-fermion wave function satisfy the following inequal- 
ities : 
’ + L1 - ‘,,I G LN G (R R;)! N; (22) 
where the corresponding one rank R is given by 
R=NS+s (s = 0, 1, 2 ,..., N - 1) 
s MN - 1) + y(y - l) + y(N _ y) < T < R(R - I) 
2 2 
\ \ 2 (23) 
1 <J< (R--++)(R-N++) \ , 2 (24) 
where the lower bound can be taken on i# all Slater determinants in (1) have at 
least one pair of nso in common. 
l<J,<R-N+r+l (25) 
and 
1 <G <(R--++++)(R--++++) 
1 Tl 2 
r(r;l) 
(26) 
where the lower bounds can be taken on if (1) reduces to a single Slater deter- 
minant. 
Proof. The upper bound of (22) is simply the total number of ordered 
N-tuples K which can be constructed from R given indices. Its lower bound 
is trivial; it corresponds to the following set of bK’s, e.g.: 
b b l...N 7 N+l,..., 2N Y’*.P biv(s--I)+l.....Ns and b12., .N--s.NS+l,. . . .Ns+s (27) 
The upper bound of (23) is just the total number of ordered pairs (k) which 
can be constructed from R given indices. The lower bound follows from the 
5 We denote by a,,, , the Kronecker symbol, i.e., &,, = 
lifv=O 
OifrfO 
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following observations: Since every Ate) is a sum of positive terms (I bK la), 
no cancellation can occur by adding further bK’s to the minimum set (27) 
and a simple counting of the number of ordered pairs associated with this 
set gives the lower bound of (23). 
The lower bounds of (24), (25) and (26) are obvious. 
Their respective upper bounds are easily seen to be given by the number of 
ordered pairs which can occupy the first two, respectively, the I, Y  + 1 and 
the (Y + 1, Y  + 2) places in any ordered N-tuple when all R!/[(R-N)! N!] 
possible ones are present. These numbers are just the total number of ordered 
pairs which can be constructed from (R - N + 2) given indices, the total 
number, R - N + Y  + 1, of possible values for the Y  + 1 element in an 
ordered N-tuple and the total number of ordered pairs (K) which can be 
constructed from R - N + Y  + 2 given indices and are such that 
(k) n (1,2 ,..., Y) = 0. 
We are now ready to prove the main theorems of the paper. They give us 
much stronger necessary conditions for N-fermion representability of a second 
order gdo than all those known up to now (essentially Lemmas 2 and 3) and 
they also imply the complete solution of the diagonal N-representability 
problem. 
THEOREM 1. If all the diagonal elements A,,, of an N-fermion representable 
second order gdo are < 2/N(N - l), then they necessarily either have a degree 
of degeneracy equal to 0 mod N(N - 1)/2 OY they satisfy the CJT possible sets’ of 
inequalities 
A(k) G c 4, for every (k) $ {(t)i}L, 
z 
where the sum on i extends over as many distinct (8)‘s as are needed to have at 
least one (4) contained in every ordered N-tuple K which contains (k). 
Proof. Applying the Minkowski-Farkas Lemma to the system (ll), we 
have the alternative: either (11) has a non-negative solution in terms of the 
unknown 1 b, la or its dual system has a solution. This dual system is of the 
form: 
for every ordered N-tuple K (associated with a non-zero bK) and 
5 AkJY(k) < 0. 
(k)=l 
(30) 
6 We denote by C,,,” the binomial coefficient, i.e., C,,,” = 
n! 
(n - m)! ml - 
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It is clear that a minimum number of ytk)‘s must be positive if all the 
inequalities (29) are to be satisfied and that this minimum number is just J. 
It is also clear that at least one yu) must be negative if (30) is to be satisfied 
(since all /l,,,‘s are 3 0 by construction). 
Assume that only Jyck)‘s are positive and denote them byycc,, (i = l,..., 1). 
Then, as is easily seen from the definition of J, there exists among the 
inequalities (29) J inequalities which take the following form: 
NW-l) 
(31) 
and every negative ytk) appears at least once in the inequalities (31). 
(30) implies then that 
N(N-1) 
where we have used (31) to obtain the last inequality. This inequality can 
be rewritten as 
where the sum on i extends over as many distinct (e)‘s as are needed to have 
at least one (6’) contained in every ordered N-tuple K which contains (K). 
This inequality is impossible for any choice of the y u),‘s iff 
This proves (28). The first alternative follows directly from (28) and the 
following observation. If there exists an ordered N-tuple R such that its 
associated Hater determinant is at least (N - 1)-fold excited with respect 
to all other Slater determinants in (l), then (28) reduces for any (k) E a to 
4) G 48 
and since by reversing the roles of the positive and negativey’s, we obtain the 
reverse inequality 
4d) G -4%) 
it follows that in that case, we have necessarily the equality 
4G) = 4%) for every (8) and (k) E a. (32) 
Since there are N(N - 1)/2 such pairs, our theorem is completely proved. 
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THEOREM 2. If Y(Y - 1)/2 of the diagonal elements of an N-fermion 
representable second order gdo are equal to 2/N(N - I), then all remaining 
ones necessary either have a degree of degeneracy equal to 0 
mod 
[ 
NP - 1) y(y - 1) -___ 
2 2 I 
OY they satisfy all possible CJT sets of relations 
2 
y Th-1) 
= 
NW - 1) 
2 40, , (4, (4 + (i) ’ (33) 
i- r+1) +1 
2 
and 
where 3 = JT and where the sum over i in (34) extends over as many 
distinct (e)‘s, as are needed to have at least one (8) contained in every K which 
contains (h). 
Proof. It is very similar to the proof of Theorem 1. We remark first that 
if Y(Y - 1)/2 of the AtB)‘s are equal to 2/N(N - l), then the only non- 
vanishing bK’s in (1) are of the form 
b ll...r,k,+~.....kN 
(see Lemma 4). 
It follows that the inequalities (29) and (30) reduce in this case to: 
7(7-l) 
2 
c y(i) + ckIe;+tijY(k) >, 0 
(i)=l 
(35)* 
for every ordered N-tuple K (associated with a non-vanishing bK) and 
&-lb 
2 T  
i Y(i) + c 
NW - 1) (i)=l 
A(k)dY(k)i < 0. (36) 
rb-1) 
j=,+1 
I f  we assume that all yu) are negative, it is clear that a minimum number of 
ytk)‘s must be positive if all inequalities (35) are to be satisfied. This minimum 
’ (i) stands for any ordered pair (i < j) where i, j = 1, 2,..., Y. 
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number is just J” as defined in the statement of the theorem. It follows, from 
the definition of J, that there exists J inequalities (35) of the form 
Tb-1) N(N-1) 
Y(G), 2 i I Y(i) I + r(il, (37) 
(i)=l j=-+ 
2 
such that every y(,), < 0 appears at least once in the inequalities (37). Assume 
first that all yu)‘s are equal to zero. Then (36) reduces to 
4,) j I Y(kbj I > h!),Y(d), 
j= dc-1) b,+l dr-1) 
2 
k=7+l 
(38) 
where we have used (37) to obtain the least inequality. This can be rewritten 
as 
(39) 
This inequality is impossible for every possible choice of 1 ytkjj 1 iff 
(34) 
where the sum on k extends over as many distinct (Q’S as are needed to have 
at least one (8) contained in every ordered N-tuple K which contains (k). 
Assume now that only one yu) is negative and all other yti) and y(d), 
vanish, except for jjtc),‘s. (35) reduces then to 
and (36) becomes 
Y(& 2 I Y(i) I (40) 
J rb-1) 
,v(N2_ 1) I Y(i) I > k= f) 
J+ &r-l) 
4),Y(4 3 2 1 k- & +* 4), 1 Y(i) 1 C41) 
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and this inequality is impossible z# 
2 
J rb-1) 
WN - 1) G k 9+-l) tl 
c" 4), * 
2 
(42) 
Reversing the roles of the positive and negative y’s, we obtain from (35) and 
(36) under the same assumption that 
and this inequality is impossible r$ 
(45) 
The equality (33) follows then immediately. 
The proof of the first alternative of the theorem follows from (34) as in the 
proof of Theorem 1. 
THEOREM 3. The necessary and suficient conditions for a set of T positive 
&)‘s to be th e d iapuzl elements of an IV-fermion representable second or&r 
gdo are that T satisjies Lemma 5 and that the Ag)‘s satisfy Theorem I or 2, 
Lemma 2 and the nonnulization condition 
Proof. We have already established the necessity of these conditions. 
(46) is, of course, also necessary since it corresponds simply to the normaliza- 
tion of @ as expressed by (4) and (5). 
The sufficiency of these conditions is easily verified as follows: 
Case of Theorem 1. In general, if we assume that MY(~J’s are positive where 
J < M Q T - 1, then the inequality (30) has the form 
(47) 
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and the inequalities (29) give us 
N(N-1) 
t(K) 
(Ix1 1 Y(k), 1 G i-3-lYm~ 
We have shown that the inequalities (28) imply that 
(48) 
Therefore, we have also 
T  J M 
, 1 Y(k)j 1 G c A(k)j 1 Y(kjj 1 < 1 ‘+d)<Y(& < c A(t),y(t), I 
I=J+l i=l i=l 
but this last inequality is just the contrapositive of (47). 
This proves the sufficiency of (28) in the case of Theorem 1. 
Case of Theorem 2. The proof is entirely similar to the one just given for 
the case of Theorem 1 and therefore need not be given explicitly here. 
Theorems 1,2 and 3 give the complete solution of the diagonal N-fermion 
representability problem for the second order gdo for all cases where N > 5. 
It is completely explicit, except for the two following questions: 
(1) Given a set of T(ltk,‘s, what is the minimum N-rank L, of a preimage 
Qi? 
(2) Given a set of TAtlc.‘s, what are the corresponding minimum J 
and Jr-numbers ? 
We shall answer these two questions in the following paper. 
We also have a further theorem which gives more explicitly the structure 
of the Au)‘s. 
THEOREM 4. The nc of the nsg of any N-fermion representable second order 
gdo necessarily satisfy either 
or for any ordered pair (k) such that (49) does not hold, 
1 at) 1’ = bk) : -%d 
(independently of(d)), or more generally, 
-‘b, .&Q, 
<Ix----- I a$. I2 ’ 1 ato I2 for mmY @h + WJkl (51) , ifi (m)i 
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where the sum on j extends over as many distinct (m),‘s as are needed to have at 
least one (m)i per K which contains (k), . 
Proof. Applying once more the Minkowski-Farkas lemma to the system 
(1 l), viewed as a system in the unknowns h$ , we have the alternative: 
Either (11) has a non-negative solution or its dual system has a solution. 
The dual system of (11) is simply the system of inequalities: 
,& I at; 12Yod b 0 (52) 
E 
and 
; 4k)Y(k) < 0. (53) 
We must distinguish two cases here. In the first case, we assume that all 
a$‘s are equal to zero except one for each ordered pair (4). There is no loss 
of generality in assuming that all a$‘s satisfy (49). This expression obviously 
satisfies the o.n. condition (6). 
The inequalities (52) reduce then to 
Y(7d 2 0 for every (k) 
and (53) is then impossible since all dtk)‘s are 2 0 by definition. 
In the second case, we assume that there are at least two a$‘s different 
from zero for some (8). 
Taking one of the two corresponding ytk)‘.s to be negative and only one 
JJ(~) to be positive for every K which contains (k), all other y’s being assumed 
to vanish, we obtain from (52) 
(53) reduces then to 
where we have used the inequality (54) to obtain the last inequality. This 
inequality is impossible for all possible choices of 1 yclc), I , iff 
which is just the inequality (51). 
The inequality (50) follows from (51) as in the proof of Theorem 1, if 
there exists a K associated with a Slater determinant which is at least (N - I)- 
fold excited with respect to all other Slater determinants. 
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We should remark here that the conditions (49) correspond to the so-called 
Slater-Hull case. In this case, we have obviously 
and Lemma 1, Theorems 1,2 and 3, reduce to statements on the eigenvalues 
of a second order gdo of the Slater-Hull type. 
Although this type of second order gdo is the simplest and the most 
natural generalization of the second order gdo which is associated with a 
single Slater determinant wave function, it is doubtful whether it can appear 
as the second order gdo of any real atomic, molecular, or solid state system, 
since it implies that all eigenvalues are < 2/N(N - 1) and as shown by 
D. Smith and Fogel, even for the Be-atom, some of the eigenvalues of the 
second order gdo corresponding to the best available wave function are larger 
than this bound. Of course, it is well known that superconductivity (and 
other long-range correlation phenomena) require that at least one eigenvalue 
be of the order of l/N thus ruling out this special type of second order gdo. 
We conclude this paper by showing how the well known Sasaki [7] upper 
bounds follow from our Eqs. (8) and (9) and by proving another result of 
A. J. Coleman whose proof has never been published to our knowledge. 
We showed in [5b], that every eiegenvalue of an N-fermion representable 
second order gdo was necessarily given by 
where 
Since (8) and (9) express simply the fact that @ as given by (2) is antisymme- 
tric, it is clear that they imply the third equality in Eq. (55), the second one 
following directly from (2). The proof of Sasaki’s upper bound follows then 
from (56) as in [5a]. We have thus the following well known Lemma. 
LEMMA 6. The eigenvalues of any N-fermion representable second order 
gdo necessarily satisfy : 
1 1 
0 < A{$ < R or - 
N-l 
(N even or odd, respectively). 
Another immediate consequence of (56) is the following lemma. 
40913313-4 
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LEMMA 7. The kgenvalue of any N-fermion representable second order gdo 
such that the corresponding nsg and nscg are strongly orthogonal necessarily 
sat&-fy : 
0 < d2) < 2 ’ ‘d”N(N-l)’ 
Proof. Applying Sasaki’s formula ([56] Lemma 1) for A, to (41), we 
obtain directly (see [5b] Theorem 12) 
where 
it is obvious that we obtain (56). 
The inequality (57) is the upper bound that Bopp [8] wrongly claimed to be 
valid in all cases. 
CONCLUSIONS 
In this paper a complete solution of the so-called diagonal N-fermion 
representability problem has been given for all N > 5. The conditions 
obtained are also necessary conditions for the general N-fermion representa- 
bility. They are not always also sufficient because, in particular, Eq. (IO] 
and (11) are not equivalent to Eq. (9). To obtain necessary and sufficient 
conditions one must have necessary and sufficient conditions to ensure that 
a set of L o.n. nscg, f(d)‘s, can be constructed satisfying (7), (8), and (9), with 
(4), (5), and (6) as further constraints. Such necessary and sufficient conditions 
will be given in the next paper of this series. 
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